In this paper, we study existence results for nonlocal initial value problems for fractional implicit differential equations with complex order. The Krasnoselkii's fixed point theorem and Banach contraction principle are used for proving the main results. Moreover, we discuss the Ulam-Hyers stability.
Introduction
the existence and stability results for pantograph equations [28] and integro-differential equations [27] with nonlocal conditions involving complex order.
Motivated by the works mentioned in [6, 16, 20, 25, 27] , in this paper, we consider the following nonlo- 
where D θ 0 + is the Caputo fractional derivative of order θ ∈ C. Let α ∈ R + , m ∈ (0, 1] and f : J × R × R → R, g : C(J, R) → R are given continuous functions.
It is seen that problem (1) is equivalent to the following nonlinear integral equation(see [26, 20] for more details).
Let C(J, R) be the Banach space of continuous function x(t) with x(t) ∈ R for t ∈ J and x ∞ = sup t∈J x(t) .
In passing, we note that the application of nonlinear condition x(0) + g(x) = x 0 in physical problems yeilds better effect than the initial condition x(0) = x 0 .
The outline of the paper is as follows. In Section 2, we give some basic definitions and results concerning the complex derivative. In Section 3, we present our main results by Krasnoselkii's fixed point theorem. In section 4, we discuss the stability results.
Prerequisites
In what follows we introduce definitions, notations and preliminary facts which are used in the sequel.
Definition 2.1. [21] The Riemann-Liouville fractional integral of order θ ∈ C, (Re(θ) > 0) of a function f :
Definition 2.2. [21] For a function f given by on the interval J, the Caputo fractional-order θ ∈ C, (Re(θ) > 0) of f , is defined by
where n = [Re(θ)] + 1 and [Re(θ)] denotes the integral part of the real number θ.
Definition 2.3. [15] The Stirling asymptotic formula of the Gamma function for z ∈ C is following
and its results for
For the fractional implicit differential equation with complex order (1), we adopt the definitions from 
there exists a solution x ∈ C(J, R) of equation (1) with
Definition 2.6. The equation (1) is Ulam-Hyers-Rassias stable with respect to ϕ ∈ C(J, R) if there exists a real number C f > 0 such that for each > 0 and for each solution z ∈ C(J, R) of the inequality
Definition 2.7. The equation (1) is generalized Ulam-Hyers-Rassias stable with respect to ϕ ∈ C(J, R) if there exists a real number C f ,ϕ > 0 such that for each solution z ∈ C(J, R) of the inequality
Remark 2.8. A function z ∈ C(J, R) is a solution of the inequality (5) if and only if there exists a function g ∈ C(J, R) (which depend on z) such that
Remark 2.9. Clearly, (i) Definition 2.4⇒ Definition 2.5.
(ii) Definition 2.6⇒ Definition 2.7. 
Remark 2.11. Under the hypothesis of Lemma 2.10, let w(t) be a nondecreasing function on [0, T). Then we have
Theorem 2.12. (Krasnoselkii fixed point theorem) Let K be a closed convex and nonempty subset of a Banach space X. Let T and S, be two operators such that
• Tx + Sy ∈ K for any x, y ∈ K;
• T is compact and continuous;
• S is contraction mapping.
Then there exists z 1 ∈ K such that z 1 = Tz 1 + Sz 1 .
Existence and uniqueness results
Let us list some hypotheses to prove our main results.
for any u, v, u, v ∈ R and t ∈ J.
(A3) g : C(J, R) → R is continuous and b > 0 such that
(A4) There exist l, p, q ∈ C(J, R) with l * = sup t∈J l(t) < 1 such that
(A5) There exists an increasing function ϕ ∈ C[J, R] and there exists λ ϕ > 0 such that for any t ∈ J
The main results are based on Theorem 2.12. Proof. Define the operator P :
It can be written as
For brevity, let we take
It is clear that the fixed point of P are solutions of (1).
Let x, y ∈ C(J, R) and t ∈ J, then we have
and
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By replacing (10) in the inequality (9), we get
where respectively. Note that x, y ∈ B r , then Ax + By ∈ B r and G = sup x∈C(J,R) |g(x)|. Indeed it is easy to check the inequality
By (A4), for each t ∈ J, we have
By replacing (12) in the inequality (11), we get
Thus,
By (A3), it is also clear that B is contraction mapping. Produced from continuity of x, the operator (Ax)(t) is continuous in accordance with (A1). Also we observe that
Then A is uniformly bounded on B r . Now let's prove that (Ax)(t) is equicontinuous. Let t 1 , t 2 ∈ J, t 2 ≤ t 1 and x ∈ B r . Using the fact f is bounded on the compact set J × B r (thus sup (t,x)∈J×B r |K x (t)| := C 0 < ∞).
We will get
It is easy to see that function t θ is uniformly continuous on [0, 1]. Then, A is equicontinuous. So, A(B r )
is relatively compact. By the Arzela-Ascoli theorem, A is compact.We now conclude the results of the theorem based on the Krasnoselkii's fixed point. Thus, the problem (1) has at least one fixed point on J.
Stability analysis
In this section, we discuss the stability results for problem (1) . The arguments are based on the Banach contraction principle. Proof. Let and let z ∈ C(J, R) be a function which satisfies the inequality (5) and let x ∈ C(J, R) the unique solution of the following problem
where α ∈ R + and m ∈ (0, 1].
Using equation (2), we obtain
By integration of the inequality (5) and using Remark 2.8, we get
We have
Using Lemma 2.10(Gronwall inequality) and Remark 2.11, we obtain
Thus, the problem (1) Proof. Let z ∈ C(J, R) be solution of the inequality (7) and let x ∈ C(J, R) the unique solution of the following problem
By integration of the inequality (7), we obtain
On the other hand, we have
Thus the problem (1) is generalized Ulam-Hyers-Rassias stable.
An Example
Consider the following problem 
where 0 < t 1 < t 2 < ... < t n < 1 and s i = 1, ...n are positive constants with
. Set f (t, u, v) = 1 2e t+1 (1 + |u| + |v|)
, t ∈ J, u, v ∈ R.
Clearly, the function f is jointly continuous. For any u, v, u, v ∈ R and t ∈ J, . We shall check that condition (7) is satisfied for suitable values of α = 1, m = 1 2 and T = 1. Indeed, the condition (7) is also satisfied. It follows from Theorem 3.1 that the problem (13)- (14) has a unique solution and by Theorem 4.1, the problem (13)- (14) is Ulam-Hyers stable.
